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A variational calculation of the lower singlet and triplet states of positively charged excitons 
(trions) confined to a single quantum well and in the presence of a perpendicular magnetic field 
is presented. We study the dependence of the energy levels and of the binding energy on the well 
width and on the magnetic field strength. Our results are compared with the available experimental 
data and show a good qualitative and quantitative agreement. A singlet-triplet crossing is found 
which for a 200 A wide GaAs is predicted to occur for B= 15 T. 
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I. INTRODUCTION 

In spite of— the large number of theoreticalErO and 
experimentall3c3 works published in recent years on the 
subject of charged excitons in quantum wells, only a 
very smaJl pm^r-of-them deals with positively charged 
excitonfJffltayytaka. Different authorsM used the 
diffusion Monte Carlo technique to calculate the depen- 
dence of the binding energy of the positively charged ex- 
citon on the well width at zero magnetic field. Stebe and 
Moradi3 reported low magnetic field results for the pos- 
itively charged exciton spin-singlet state, which was cal- 
culated using a deterministic variational technique. To 
our knowledge, this is the only theoretical calculation on 
the magnetic field dependence of the X + energy. In the 
present paper we go beyond the small magnetic field limit 
and present results for the whole magnetic field range not 
only for the singlet but also for the triplet state. 

Experimental evidence of the positive trion (X + ) in 
GaAs/iAjLCaAs-. quantum wells was found by different 
groupsEJlla'Ej'Ej. These results confirm the existence of 
both the spin-singlet state and the spin-triplet state at 
non zero magnetic field as was also found for the X~. 
The magnetic field dependence of the binding energy, on 
the other hand, can be rather different for the X + as 
compared to the X~ . 

We extended our numerical technique, see Ref. 0, 
which we used for negatively charged excitons, to de- 
scribe positively charged excitons in quantum wells under 
the influence of a magnetic field parallel to the quantum 
well axis. The present paper is organized as follows. In 
Sec. H we present the Hamiltonian of the problem. The 
dependence of t he b inding energy on the well width is 
discussed in Sec. ID. In Sec. IV the magnetic field depen- 
dence is investigated and we discuss the dependence of 
the average distance between different pairs of particles in 
the system as a function of the magnetic field. We point 
out the differences and similarities between the X + and 
the X~ . The behaviour of the pair correlation functions 
is also studied for different magnetic fields. In Sec. [v]we 
compare our results with the experimentally measured 
transition and binding energies. Finally, in Sec. |Vl] we 
summarize our results and present our conclusions. 



II. HAMILTONIAN 

In the effective mass approximation the Hamiltonian 
describing a positively charged exciton, i.e. X + , in an 
uniform magnetic field B is: 

B = 1 sib® ^ ~M + 1 nn) + E 



en- rj 



(1) 



where Aj = ir*j x B; mi, ej are the masses and charges of 
the interacting particles and e is the dielectric constant 



of the medium the particles are moving in and is taken 
the same for the well and barrier material. The confining 
potential is 

V{v % ) = if |z| < W/2 and V(ri) = Vi if |z| > W/2, 

(2) 

where W is the quantum well width, and the refer- 
ence system is taken such that the origin of the co- 
ordinate system is at the center of the quantum well. 
For a GaAs/AlzGai-zAs quantum well the heights of 
the square well confinement potentials are V e — 0.57 x 
(1.155a; + 0.37a; 2 ) eV for the electrons and V h = 0.43 x 
(1.155a; + 0.37a; 2 ) eV for the hole. If we consider the case 
when the magnetic field is applied along the growth axis 
of the well, i.e. B= (0,0, B), the Hamiltonian becomes: 
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where l Z i is the component along the z-axis of the orbital 
momentum of the i—th particle. The same considera- 
tions made in Ref. 
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for the X~ hold also in this case 
and the same functional form for the trial wave function 
which consists of a linear combination of deformed cor- 
related wave functions is used to solve the Hamiltonian. 
However, here the variational parameters Aij which enter 
in the definition of the deformed gaussian functions can 
assume also negative values. For our numerical calcula- 
tion we focus on a GaAs/Al^Gai-^As quantum well with 
x = 0.3. The parameters used are e = 12.58, m e = 0.067 



mo and m^ = 0.34mo, which result in 2R y 
11.58 meV and a B = sh 2 /e 2 m e = 99.3 A. 



-/ea B 



III. ZERO MAGNETIC FIELD TRION ENERGY 

First, we study the binding energy of the positively 
charged exciton which is defined as 



E B (X + ,B) = E{X) + E h (W, B) - E{X+), 



(4) 



where E(X) and E(X + ) are respectively, the total en- 
ergy of an exciton and of a positively charged exciton in 
the quantum well and Eh(W,B) is the energy of a free 
hole in the quantum well of width W in the presence 
of a magnetic field B directed along the confinement di- 
rection. The dependence of the binding energy of the 
positively charged exciton spin-singlet state on the well 
width is shown in Fig. |l| (solid curve) in the absence of 
a magnetic field. Our results are also compared with the 
Monte Carlo calculations of Ref. |J (dotted curve). The 
results from the two theories differ by about 0.1 meV at 
W = 200 A. One reason for this difference could be at- 
tributed to the different choice for the value of the static 
dielectric constant; we took it equal to 12.58 while in 
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Ref. [| it was taken equal to 12.5. Notice that while the 
binding energy is decreasing with increasing well width 
according to both theories our calculation shows a faster 
decrease of the positively charged exciton binding energy 
with increasing well width, this behaviour is particularly 
strong for the X + system. The symbols in Fig. [t] rep- 
resent the experimentally measured values for the spin- 
singlet state binding energy of the X + for difEerpiit quan- 
tum well width and different experiments. EjOlia Notice 
that these results are in good agreement with the theory 
of Ref. and agree with ours in the nominal error of the 
theory, i.e. ±0.1meV. This error is estimated consider- 
ing the digit to which we round off our result for the total 
energies, however due to the very good convergence of the 
calculation we expect the "real error" to be smaller than 
the estimated one. In general we would expect that the 
experimental energies are larger than the theoretical cal- 
culated ones because: 1) a non zero density of holes leads 
to a non zero Fermi energy Ep and it has been shown 
that the experimentally determined binding energy is in 
fact Ep + E B (X + ,B = 0); and 2) quantum well width 
fluctuations will localize the trion. Both effects lead to a 
larger binding energy with respect to the one calculated 
theoretically for a free translational invariant trion. 

In Fig. 0, we also report the dependence of the nega- 
tively charged exciton binding energy on the well width 
(dashed curve). Notice that the X + binding energy is 
larger (about 20%) as compared to the X~ binding en- 
ergy, both for our theory and for the one of Ref. 
Moreover this result is also in agreement with the ex- 
perimental results which pahowed that the energy of the 
X + is largerE^Efl or equaO to the one of X~. Stebe and 
Moradi3 found, on the other hand, that for a 300 A wide 
quantum well the binding energy of X + is lower than 
the one of X~ which is opposite to our conclusion and to 
those of Ref. [|. It should be stressed that the theoretical 
value for the trion binding energy depends not only on 
the obtained value for the trion energy but also on the 
exciton energy. In out theory, the latter are both upper 
bounds to the exact result and consequently the trion 
binding energy is neither an upper nor a lower bound to 
the exact value. For example, an overestimation of the 
exciton energy will lead to an overestimation of the trion 
binding energy. 

IV. MAGNETIC FIELD DEPENDENCE OF THE 
TRION PROPERTIES 

Next, we compare the dependence of the binding en- 
ergy of the positively charged exciton on the magnetic 
field with the one of the negatively charged exciton, for 
a quantum well of width 100 A (see Fig. ||). Notice that 
while for B < 1 T we obtain E B (X+,B) > E B {X~,B), 
which is in agreement with the B = T behaviour as 
shown in Fig. |l| For B > 1 T the relation between the 
two energies is reversed and the negatively charged exci- 
ton becomes more strongly bound. Moreover while the 



X~ singlet binding energy quickly increases up to about 
2.5 meV for B = 10 T after which it saturates, the X + 
binding energy increases slowly from about 1.2 meV at 
B = up to about 1.5 meV for B = 7 T, where it starts 
to decrease slowly. We found a similar behaviour for the 
binding energy in the case of a quantum well of width 
200 A ( see Fig. ||). For the latter quantum well width we 
also calculated the spin-triplet state with L = 1 (dashed- 
dotted line in Fig. ||). The triplet state is unbound at low 
magnetic field and becomes bound around 1 T. We also 
find that the binding energy of this state increases rather 
fast with increasing magnetic field and eventually we ob- 
serve a crossing around B = 15 T. This behaviour is con- 
sistent with the one found for the negatively charged ex- 
citon where we found that when the hole mass was much 
larger than the electron one no spin-singlet spin-triplet 
transition was observed. However, when the hole mass 
was decreased considerably such singlet-triplet transition 
occurred. In that case the hole mass was always larger 
than the electron one, however it is reasonable to assume 
that decreasing further the hole mass the singlet-triplet 
transition would still be observed. Here the roles of the 
hole and the electron are switched and the electron mass 
is much smaller than the hole one. As a consequence 
this is then consistent with the fact that we now find a 
singlet-triplet transition. 

The average distance between pairs of particles of the 
trion in the plane orthogonal to the quantum well axis, 
i.e. < pfj > 1 / 2 , is shown in Fig |] as function of the 
magnetic field for quantum well of width 200 A. Notice 
that for B = the average distance between the posi- 
tively charged exciton pairs, i.e. hole-hole and electron- 
hole ones, are smaller than the correspondent one for 
the negatively charged exciton. In particular the differ- 
ence is more pronounced for the pair of particles with the 
same charge (i.e. hole-hole in case of X + versus electron- 
electron in X~). Since the attractive and the repulsive 
contribution to the potential are inversely proportional 
to the average interparticle distance, the behaviour at 
B = explains the fact that we find a lower binding en- 
ergy for the X~ than for the X + at B = 0. Notice that 
around 1 T the average distance of the electron-hole pair 
in X~ crosses the one of X + , this is the same magnetic 
field at which the X~ binding energy becomes larger than 
the X + binding energy. For increasing magnetic field the 
ratio between the average distance between the electron- 
electron and electron- hole pair in A~ is rather constant. 
Looking at the corresponding pairs in X + we see that the 
distance between the electron and hole diminishes with 
increasing magnetic field but less than the one between 
the two holes. This could explain the slow increase and 
then the decrease already at low magnetic fields of the 
X + binding energy against the fast increase and satura- 
tion of the X~ binding energy. 

We calculated also the pair correlation function for the 
positive trion in the confinement direction, gij(z) =< 
8{z —\zi~ Zj\) >, and in the orthogonal plane, gij(p) =< 
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S(p - \pi - pj\) >, both at B = and at B = 4 T (see 
Fig. H). Notice that along the z-axis, Fig. ||(a), both the 
hole-hole and the electron-hole pair correlation function 
have a peak around the center of the quantum well, which 
is in agreement with the fact that the Coulomb interac- 
tion plays a minor role as compared to the confinement 
due to the presence of the quantum well. Notice also that, 
as expected, the presence of a magnetic field has only a 
very small influence on the correlation function in the z- 
direction. In the p-plane, Fig. ||(b), we observe that the 
electron-hole pair correlation is peaked around zero, i.e. 
the electron and the hole maximize their interaction by 
staying as close as possible to each other. The hole-hole 
pair correlation function has instead a peak around the 
average pair inter-particle distance. When a magnetic 
field is applied the peak of the hole-hole pair correlation 
function is shifted towards lower p. This is consistent 
with the fact that the average pair inter-particle distance 
decreases with increasing magnetic field. 



VI. CONCLUSION 

The present work is the first theoretical work in which 
a detailed comparison is made between experimental and 
theoretical singlet and triplet binding energies of the pos- 
itively charged exciton. The theoretical results explain 
the different magnetic field dependence of the X~ and 
X + ground state binding energy, which was observed ex- 
perimentally. Namely the X + singlet has a very weak 
magnetic field dependence while the X~ singlet binding 
energy increases rapidly in the low magnetic field region 
and saturates at higher fields. We find good qualita- 
tive and quantitative agreement with the available ex- 
perimental results. The X + triplet binding energy on 
the other hand increases with magnetic field and we pre- 
dict for a quantum well of width 200 A a singlet-triplet 
crossing at B « 15 T. The experiments of Ref. |l^ show a 
saturated triplet binding energy for B > 3 T, which we 
do not find in our theoretical results. 



V. COMPARISON WITH EXPERIMENT 

In Fig. |^, we compare the binding energy of the X + 
and of the X~ singlet state for a 200 A wide quantum 
well with the experimental results obtained tw Glasberg 
et alliB and the very recent results Yusa et aZ.E-3 (open tri- 
angles). When comparing the experimental results with 
our theoretical results we notice that for B = the exper- 
imental and theoretical result for the negatively charged 
exciton binding energy differ by about 0.3 meV, which 
may be due to a non-zero density effect and/or to local- 
ization induced by quantum well width fluctuation. In 
the range 1 T< B < 7 T there is very good agreement 
between theory and experiment. For B > 8 T the ex- 
perimental binding energy saturates, while this occurs at 
higher fields for our theoretical results. The agreement of 
the X~ singlet energy with the very recent experimental 
results of the same grouped is on the other hand remark- 
able. Not only theoretical but also experimental results 
improve with time. 

For the X + spin-singlet state binding energy, the 
agreement is rather good over the whole magnetic field 
range at which experimental results are available. How- 
ever at low magnetic fields the theoretical binding energy 
underestimates the experimental value. It has been ar- 
gued that this effect can be attributed to localization ef- 
fects due to quantum well width fluctuations. Notice that 
localization effects are less important on the positively 
charged exciton than on the negatively charged exciton, 
which is consistent with the larger mass of the holes and 
which leads to a less extended trion (see Fig. [|). For the 
X + spin-triplet state a comparison with the experimen- 
tal data by Glasberg et alS3 shows a good agreement for 
magnetic fields up to about 3 T. Beyond 3 T the experi- 
mental energy saturates while the theory still predicts an 
increasing binding energy with increasing magnetic field. 
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FIG. 5. The pair correlation function for the spin singlet 
state of the positively charged exciton in a 200 A wide quan- 
tum well as function of the magnetic field. 



matt/0003505 



FIG. 1. Dependence of the binding energy of the positively 
and negatively charged exciton on the well width at zero mag- 
netic field. The symbols represent experimental data for the 
X + from Ref. 18 (full circles), Ref. 14 (open circle) and Ref. 
16 (triangle). 

FIG. 2. The binding energy of a negatively and a positively 
charged exciton in a 100 A wide quantum well as a function 
of the applied magnetic field. 



FIG. 3. The binding energy of a negatively and positively 
charged exciton in a 200 A wide quantum well. The open and 
full circles as well as the diamonds are the experimental data 
from Ref. 19, the triangles are experimental data from Ref. 
24. The bars represent the nominal error of our calculation. 

FIG. 4. The average pair distance in a positively and in a 
negatively charged exciton in a 200 A wide quantum well as 
function of the magnetic field. 
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